Abstract. The purpose of this paper is to clarify all the uniformly relatively Ding stable toric Fano threefolds and fourfolds as well as unstable ones. We also partially verify the relative K-stability of toric Fano fourfolds applying the criterion which was given in [YZ16] . In the table we give the list of relative stabilities of all toric Fano fourfolds.
INTRODUCTION
In [Ma01] , Mabuchi extended Kähler-Einstein metrics to Fano manifolds with nonvanishing Futaki invariant. Such a metric is called generalized Kähler-Einstein metric or Mabuchi metric in the literature. Recently this metrics were rediscovered by Yao [Yao17] in the story of Donaldson's infinite dimensional moment map picture [D17] . Moreover, he introduced uniform relative Ding stability for toric Fano manifolds in the language of the corresponding Delzant polytope and showed that the existence of Mabuchi metrics is equivalent to its uniform relative Ding stability. This equivalence is in the context of the Yau-Tian-Donaldson conjecture.
Yao's paper invoked analytic and algebraic studies of Mabuchi metrics, such as [Naka17a] , [LZ17] , [Naka17b] and [Sa17] . In this study, we focus on uniform relative Ding stability of toric Fano manifolds. More precisely, we determine which toric Fano 3-and 4-folds are uniformly relatively Ding stable or not with the aid of the classification lists [WW82] , [Bat98] and [Sato02] . Theorem 1.1.
(1) In dimension 3, 12 toric Fano manifolds out of 18 are uniformly relatively Ding stable and the rest are relatively Ding unstable.
(2) In dimension 4, 51 toric Fano manifolds out of 124 are uniformly relatively Ding stable and the rest are relatively Ding unstable.
We simultaneously complete the classification of toric Fano threefolds and fourfolds admitting Mabuchi metrics by using Yao's result.
We also consider relative K-stability of toric Fano manifolds. Relative K-stability is an extension of K-stability to polatized manifolds with non-vanishing Futaki invariant. In toric case, Yao observed a relation between these two stabilities, that is, relative Ding stability implies relative K-stability. In Section 3, we show that uniform relative Ding stability is actually equivalent to relative K-stability for any toric Fano threefold.
n be a lattice polytope with 0 ∈ Int(P ). We assume that all vertices of P are primitive elements in N. For a subset S of N R , we denote the positive hull of S by pos(S) i.e. pos(S) = v∈S R 0 v. Then Σ P := { pos(F ) | F is a face of P } forms a fan which is often called the normal fan of P . It is well-known that the fan Σ = Σ P associates a toric variety X Σ with the complex torus T N := Spec C[M] action. Here and hereafter we denote the associated toric variety by X for simplicity. Recall that the anticanonical divisor of X is given by −K X = ρ D ρ where D ρ is the torus invariant Weil divisor corresponding to a ray ρ ∈ Σ(1). Then the dual polytope of P is defined by
which is also an n-dimensional (rational) polytope in M R with 0 ∈ Int(∆). 
for any affine function u on ∆. Letting δ = inf ∆ ℓ ∆ , we call a toric Fano manifold X ∆ is relatively Ding stable if δ 0. Moreover X ∆ is uniformly relatively Ding stable if δ > 0. Otherwise X ∆ is said to be relatively Ding unstable if δ < 0.
2.3. Relative K-stability v.s. Relative Ding stability. Let (X, ω) be an n-dimensional Fano manifold with a Kähler metric ω = √ −1g ij dz i ∧ dz j in 2πc 1 (X) and ρ ω be its Ricci potential. In [Ma01] , Mabuchi defined an invariant α X = max X pr(1 − e ρω ) which is independent of the choice of Kähler metrics ω ∈ 2πc 1 (X), where pr : L 2 (X, ω) →k denote the orthogonal projection and
Then α X is an obstruction for the existence of Mabuchi metrics, that is, α X < 1 if X admits Mabuchi metrics. As mentioned in [Yao17] , α X = max ∆ (1 − Vol(∆) · ℓ ∆ ) if X is the toric Fano manifold corresponding to a reflexive Delzant polytope ∆. Hence α X < 1 is equivalent to uniform relative Ding stability of X ∆ . We explicitly compute the values of α X of toric Fano fourfolds in Section 4. Suppose a reflexive Delzant polytope ∆ is given by
where the measure dσ on ∂∆ is defined by 
RELATIVE DING STABILITY OF TORIC FANO THREEFOLDS
In this section, we determine which toric Fano threefolds are (uniformly) relatively Ding stable (resp. relatively Ding unstable) by computing an invariant α X (alternatively ℓ ∆ ). Toric Fano threefolds are classified by Batyrev [Bat81] and K. Watanabe and M. Watanabe [WW82] independently. There are 18 isomorphism classes of toric Fano threefolds. It is well-known that each toric Fano threefold is obtained from CP 3 by a series of blow-ups and blow-downs along torus invariant subvarieties as in the following figure. ( The arrow denotes a blow-up at a torus fixed point. The arrow −→ denotes a blow-up along an 1-dimensional torus invariant subvariety.) Among these toric Fano threefolds, CP 3 , B 4 , C 3 , C 5 and F 1 are symmetric toric Fano threefolds with vanishing Futaki invariant. Therefore we listed these Kähler-Einstein toric Fano threefolds with the symbol * . 
denotes a del Pezzo surface with degree i, that is, a nonsingular projective surface given by blowing-up of CP 2 at (9 − i) points, and F 1 is the first Hirzebruch surface. 
uniformly stable
unstable the blow-up of a line on a plane in the threefold from B 2 D 2 unstable the blow-up of a line on a plane which is a section of the trivial bundle CP 2 × CP 1 over CP 2 E 1 unstable the blow-up of two rational curves of degree 1 which are sections in B 3 E 2 unstable the blow-up of a (−1)-curve on surface F 1 which is a section of
uniformly stable the blow-up of a one-dimensional torus invariant subvariety of index 1 which is a section of
uniformly stable the blow-up of three rational curves, sections of P 2 -bundle B 3 , two of them are of degree 1 and one of them is of degree 4
The classification of relative K-stability of toric Fano threefolds was given in [YZ16, Table 1 ]. Hence Table 1 in this paper gives the following.
Proposition 3.1. For any toric Fano threefold X, (X, −K X ) is relatively K-stable (resp. relatively K-unstable) if and only if it is uniformly relatively Ding stable (resp. relatively Ding unstable).
RELATIVE DING STABILITY OF TORIC FANO FOURFOLDS
4.1. How to determine relative GIT stabilities of toric Fano fourfolds? Finally we classify uniformly relatively Ding stable toric Fano fourfolds as well as unstable ones. We also partially determine relative K-stability of toric Fano fourfolds by applying the criteria developed in [YZ16] . The result is among all toric Fano fourfolds (124 isomorphism classes), there are 51 types of relatively K-stable ones, 20 types of relatively K-unstable ones, and 53 types of undistinguishable ones. Meanwhile, these all 53 types of undistinguishable ones are relatively Ding unstable ( Table 2) . Thus totally 51 types of relatively K-stable toric Fano fourfolds are uniformly relatively Ding stable, while the remaining 73 types are relatively Ding unstable.
In particular, we conclude the following. Proposition 4.1. In dimension 4, all relatively Ding stable toric Fano manifolds are uniformly relatively Ding stable. Hence there are no one which satisfies δ = 0.
The proofs of Proposition 4.1 and Table 2 are based on the computation of α X and
where Table 1 . Hence we omit the computation of α X for these manifolds. (c) For the remaining ones (totally 93 types), we computed the invariant α X in order to determine relative Ding stability. All results are listed in Table 2 . The following Section 4.2 illustrates a good example of the concrete calculation.
4.2.
Example. Let us compute α X using the result of the extremal vector field of toric Fano fourfolds due to Nakagawa [Na98] .
As in [YZ16, Section 5.1], if the extremal vector field V is given by
in the affine logarithmic coordinates (w 1 , . . . , w n ), then the potential function θ ∆ in symplectic coordinates (x 1 , . . . , x n ) is given by θ ∆ = n i=1 a i x i + c for some constant c. In particular, one can see that the normalized condition of θ ∆ gives
for finding the constant c. We mention that Nakagawa computed the extremal vector field in the anticanonical class of a toric Fano manifold with dim X 4 [Na98, Table 1 , 2, 3]. Using these results, one can readily find θ ∆ and α X from toric data.
Example 1 (D 6 ). Let P be a reflexive polytope in N R ∼ = R 4 whose vertices are given by For p = (3, −1, 2, 1) ∈ V(∆), one can see that
This means X is uniformly relatively Ding stable, and hence relatively K-stable. The assertion is verified. 
